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The Rikitake Two-Disk Dynamo System and
Domains with Periodic Orbits
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The Rikitake two-disk dynamo system is a simple model to describe the earth’s
magnetic field. We derive the conditions to find periodic orbits of this system
using an ellipsoid bounding condition. We prove that the conditions cannot
be satisfied.

The Rikitake two-disk dynamo model consists of two connected identical
frictionless disk dynamos (Cook and Roberts, 1970). The dynamos are driven
by identical torques G to maintain their motions in the face of Ohmic losses
in the coils and disks. The equations describing the system are given by the
nonlinear dynamical system

dl
L; + RL = MO D (1a)
LdeItz + RL = MQ211 (lb)
@L =G — MLDL (IC)
dt
C% =G — MLb (1d)

where I; and L are the currents, {); and (), are the angular velocities, L is
the self-inductance and R is the resistance associated with each dynamo and
its connecting circuitry, M is the mutual inductance between the dynamo
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circuits, and C is the moment of inertia of a dynamo about its axis. System
(1) can be cast into the form [1]

ax

= —uX; + 1 X 2
dt 19,6} 142 (2a)
dX
7 = —pXs + (¥, — AX (2b)
dar,
=1 — XX 2
dt . (20)
where
G 12 GL 1/2
Il = - A/la Q = P Is 1= 172
M CM
and

G 1/2 G 1/2
I = =K — s L = ik_l -
M M

‘= ,  A=upl -k, >0
7r_ﬂm w( ) H

A > 0 can be assumed; otherwise the roles of the dynamos are reversed. For
p = 0 and 4 = 0 the system can be solved exactly. For 4 = 0 and p arbitrary
we find the first integral

X1, Xo, Y, 1) = (X1 — X3)et

Next we derive the conditions for an ellipsoid bounding of the Rikitake two-
disk dynamo system (2). We apply the following theorem (Krishchenko,
1997) to find the bounding conditions of a system of the form

Lot x=@n. o er

f(x) = (fi(x), (%), .. ., ux)" € C(R")
Theorem. All cycles of the system are contained in

Qy = {x[Vinr = ¥ =< Yaup)
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where
Vior := infUX)|LAI(X) = 0}
Vap := supfUX)|LAV(X) =0},  Y(x) € C*(R")

The vector field
u 0
V= (x) =
2 Ji(x) o,

is associated with the autonomous dynamical system dx/dt = f(x), and
o QU
LA(x) 2= D fix) 5
1= Xi
denotes the Lie derivative (Steeb, 1996a, b) with respect to V. For the proof
we refer to Krishchenko (1997).

Now we apply this theorem to the Rikitake two-disk dynamo model.
For the Rikitake two-disk dynamo system the corresponding vector field is

0 0 0
V= (—pXi + Y1Xo) a—Xl + (—pXo + (Y1 — AHX) a_Xz + (1 — XiX2) a_Yl

We assume that | is given by
V(X1 X, Y1) = aXi + BX3 + yYT + 28X X, + 2eX1Y + 2017,
+ 2VX2 + Z)LYl + 29X1 + 1

where a, 3, v, 5, €, ¢, v, A, 0, and T are constants.
If the following conditions

1. deg Ly =2

2. The terms of second degree of | compose a positive-definite qua-
dratic form

3. The terms of second degree of LAy compose a negative-definite
quadratic form

are imposed, then () is bounded by an ellipsoid.
The Lie derivative of \ with respect to V' yields

LV\II = (_HXI + Y1X2)(2(XX1 + 28X2 + 2€Y1 + 29)
+(_HX2 + (Y1 - A)Xl)(ZBXz + 28X1 + 2(|)Y1 + 2V)
+(1 — XiX)(2YY1 + 2€X1 + 20X + 2))
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From LAy = 0 and condition 1 we find
y=a+p and d=e=¢ = (3)
From condition 2 we find that
o >0 and B >0 4)
From condition 3 it follows that the cubic equation
—w? = 2u(a + Bywr + (A + 4B)* + 0% + V2 — dafudw
+ 2(0%ap + vBu — (A + 4B)6v) =0
must only have negative solutions, so that
O’ap + v Bu — (A + 4B)6v < 0, )
(A + AB)* + 6 + v — 4afp’ <0

Thus the conditions (3)—(5) provide us with the ellipsoid bounding. Thus
takes the form

(X1, Xo, Y1) = aXT + BX3 + (o + B)YT + 2vXs + 20 + 20X, + 1

Now we show that it is not possible to satisfy the conditions. Condition (5)
can be rewritten as

(A + A4B3)6v
< 2 2
0’ + vPB
2 2 2
H2>()L+AB) +6°+v
403

From (4) and (5) we have (A + AB)0Ov > 0 and

A+ 4B + 0 + V2 (A + AR’
403 (0%a + VB)?

which gives

—(\ + 4B)4(0’a. — v*B)?
(0’ + V'B)?

02+ Vv <

which cannot be satisfied for real 0, v, A, B, a, and 4.
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